Introduction
The toroidal solenoid is a unique object exhibiting a number of interesting properties.
For example, the magnetic field H may vanish either inside or outside the solenoid depending on the current distribution on the solenoid surface [l-31. The small value of magnetic flux leakage from the solenoid has favoured its application in controlled thermonuclear physics [4, 5] . As an accumulator of electromagnetic energy, it is extensively used in electromagnetic launcher technology [6, 7] .
The toroidal solenoid is an ideal device for both experimental For the static case, closed expressions for the vector potential of the toroidal solenoid were obtained in [19] and their properties were discussed in [3] . In [3] the electromagnetic field of toroidal solenoid with a time-dependent current was considered. Regretfully, only one half page was devoted to the most important case of the periodically varying current. Numerous discussions with radio engineers and physicists dealing with toroidal moments has enabled us to consider this particular case in a more complete and systematic way, emphasizing the principal points and physical consequences.
This paper is organized as follows. In section 2 we present straightforward calculations of vector potential, field strengths and the Poynting vector of the toroidal solenoid with the current periodically changing with time. This is important, for example, for the construction of toroidal radio antennae [20]. There is a lot of controversy conceming toroidal moments in the literature. To clarify this point, we determine in section 3 the 0305-4470/92/184869+ 18904.50 @ 1992 IOP Publishing Ltd mnIl?e"!S: the sn-cz!!ed tnroid2! (nr 2n2pn!e) m??!tipa!e mnme"!S. ?hey 2% now t ?n usual multipole expansion [21-241 of the electromagnetic field for the toroidal solenoid and find that electric multipole moments exactly coincide with the toroidal ones. There are known [ 11,361 conditions under which toroidal moments become non-trivial. The interaction of a toroidal solenoid with an external electromagnetic field is treated in section 4. There exist theoretical considerations [25, 26] of electric fields arising from electron motion relative to the resting positive lattice ions as well as experimental attempts [27] to measure these fields. There has also been experimental research [28] of the electric field arising from the rapid rotation of a toroidal solenoid. In sections 5 and 6 we evaluate electromagnetic field of the rotating toroidal solenoid. It turns out that only a magnetic field appears outside the uniformly rotating (around its symmetry axis) solenoid. An electric field arises in the case of non-uniform solenoid rotation.
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The approximate electromagnetic field
Consider the torus
Introduce the coordinates I?, J,
The value d = R corresponds to the torus (2.1). Let the periodical poloidal current flow over the torus surface (each particular coil lies in the Q =constant plane). The density of this current is j . cos 01.
Here j = -e S ( I ? -R ) 457 d + R cos J,n* (2.4) g = 2NIf c, N is the total number of coils in the solenoid's winding, I is the current in a particular coil, n, is the unit vector tangential to the torus surface and lying in the Q =constant plane n, = n, cos J, -(n, cos rp + ny sin Q ) sin $ I .
In the Coulomb gauge (div A = 0) the vector potential (VP) corresponding to the current (2.3) is given by where the volume element is
Only two spherical components of A, A , and A, differ from zero (see [29] for their derivation). They are simplified if the following conditions are fulfilled: Being related to the square of the total current ( = N I ) this gives the so-called radiation resistance [30] (2.12) (2.4) . As all components of electromagnetic potentials and strengths contain the factor exp(-iot) it will be omitted in all intermediatory expressions. It should be restored when the time differentiation is performed or in final expressions from which the real part should be taken. The expansion of the vector potential over the states with definite orbital momentum is as follows: planes ( p , < p < p2, z, < z < z2)) the eigenfrequencies and field strengths were obtained in very interesting, yet ancient, references [33] . Further, we have implicitly suggested that the poloidal winding is formed by infinitely thin conductors densely covering the torus surface. Complications arise when these conditions are not satisfied. This is demonstrated in [34] where the electromagnetic waves radiated by the periodical current flowing through the spiral cylindrical winding are studied.
Main facts on fhe vector spherical harmonics
Sometimes it is more convenient to represent vector potential and field strengths by means of so-called vector spherical harmonics . The easiest way to obtain them is to couple vectorially the spherical unit vectors n,, with Y p functions occurring outside the integral sign in the RHS of (3.2): Here M;"(T) are the E, M, L multipole moments:
In the absence of charge density the vector potential (3.12) meets gauge condition div A = 0. In this case L fonnfactors are equal to zero. To prove this we apply the div operator to (3.12). It follows at once from (3.11) that
Thus, (functions F and f were defined earlier ((3.5) and (3.6))). In obtaining (3.19) the following relation was taken into account [29] fl !--Ef;. - The electromagnetic energy flow through the sphere of sufficiently large radius is
The factor 1/2 in the LHS of this equation takes into account the difference in time dependences of current densities (2.3) and (3.1).
One may wonder what is the profit in presenting vector potential in three different ways ((2.7), (3.4) and (3.12) )? There are certain reasons for this. Since (2.7) contains all multipoles in a closed form, it is easier to operate with it in practice. Further, the VSH expansion contains a lot of 'reefs' (discussed in the following section). So, expansion (3.4) may be used as a guiding point to escape them. On the other hand there are physical problems for which the Helmholtz equation is easily solved in terms of VSH, and practically unsolvable when the usual spherical functions are used. The VSH realization of most general non-static solenoid found recently in [35] clearly demonstrates this.
Toroidal form factors and moments
There is a lot of controversy concerning these quantities (see the discussion in By developing Bessel functions on both sides of this equation we observe that it cannot be satisfied in any order (for non-vanishing charge density). The reason is that p and j in (3.23) are connected by the continuity equation div j =iop and, thus, they are not independent of o (or k ) . We consider (3.23) as the definition of (I;". Its dependence on k is determined by the Bessel functions in the RHS of (3.23).
We turn again to the expansion (3.12). It is easy to check that the terms relating to E and L multipoles taken separately diverge in the long-wavelength limit. In fact, a ; ( € ) and a;"(L) (see equations (3.14)) decrease as k" for k + O while A;"(,?) and A;"(L) (see equations (3.10)) grow as k-'-*. Taking into account the overall k factor at the front of (3.12), this leads to a K 2 divergence for either E or L multipole terms. On the other hand, there are no divergences in (3.2) or (3.9), from which (3.12) easily follows. This means that singularity of E multipole terms is exactly compensated by that of L multipole terms. In fact, substituting A;"(T) and a f ( r ) into (3.12) and regrouping terms we arrive at (3.9) which does not contain singularities. The other way [ I l l to deal with singularities in (3.12) is to separate explicitly their contribution to E and i muitipoie terms.
Combining (3.13) and (3.23) we get 
"(T)-k'+'M;"(T)
This coefficient is referred to as toroidal multipole moment. Substituting a;"(E) given by equations (3.24) into expansion (3.12) we observe that singular term in a;"(E) involving M;"(Q) exactly compensates the singularity of the L multipole term. The toroidal form factor a;"( T) appears as a coefficient at A;"(E). It gives finite contribution to the vector potential in the long-wavelength limit and, thus, to the coefficient at rF-' in the solution of the corresponding Laplace equation. Up to now we have considered the general case when both current and charge densities are different from zero.
Consider the case of vanishing charge density. As M;"(T) contains no sign of charge density p it should have the same form of any choice of p and, particularly, for p = 0.
On the other hand, in the absence of charge density we have q;" = a;"(L) = O while a;"(E) decreases as k'+' (see (3.17)). The terms corresponding to E multipoles in the expansion (3.12) are well-behaved now and no renormalization of $ ( E ) is needed. Here fld is the dipole magnetic moment:
and M is the magnetic moment density M = (1/2l)r x j. For the poloidal current (3.1) the non-vanishing components of M are:
This means that only the 'p component of M differs from zero ( M , = M). It follows from (4.5) that p,, = 0, i.e., the magnetic dipole moment equals zero for the toroidal solenoid. For the poloidal current (3.1) the single nonvanishing component of pt is directed along the symmetry axis of the solenoid (figure 1) and equals Comparing (4.7) with (3.31) we recover the coincidence of pLli with either E or T multipole momenta. Since pd disappears for the toroidal solenoid the interaction (4.1) may be presented in the form It follows from this that the toroidal solenoid interacts with the external electromagnetic field if the electric field has a non-vanishing and time-dependent component along the symmetry axis of the solenoid. This assertion grounds essentially on the fact that the dimensions of the solenoid are small wrt distance from the electromagnetic field source. Interaction with the static magnetic field is possible if this condition fails. To see this we introduce instead of the current j the magnetization A: The magnetization 4 corresponding to j given by (2.4) is From this it follows that there is no interaction between the non-overlapping solenoids (as the magnetic strengths and magnetizations are confined inside the solenoids).
The model of toroidal solenoid current
It should be explained first why the concrete realization of poloidal current flowing on the solenoid's surface is needed. The reason is that in real conductors (from which the surface current is composed) there are electrons which move relative to the positive lattice ions. There are numerous theoretical considerations (see [25] and references therein) which predict the appearance of electrical field (of the order IJ'/c') arising from the electron motion. As their drift is of the order 1 mm s-I [27] , so these effects are negligible. To increase electron velocity an experiment was performed [28] in which field associated with solenoid rotation was found, there is increasing activity in this field (see [39, 40] and references therein). Our first goal is to evaluate the electromagnetic field (io the framework of usual Maxwell theory) arising from the solenoids rotation.
Consider torus ( 
We seek the charge distribution in the form
U = ~, S ( C L -p , ) +~~~( p --/ I Z ) +~~~( C L -I L O ) .
(5.3)
For definiteness we choose p , > p 2 > p o . The charge distribution consists of three charged toroidal shells encompassing each other (it is impossible to meet conditions (1)-(3) using a charge distribution consisting of two layers). The layers corresponding to p = po and p = pI are external and internal ones (figure 2). Let each element of the The discontinuity of d@/dp at p = p , and p = p2 fixes uI and u2
The constant f determines the value of the charge on each of the layers 0, 1 and 2: 
The rotating toroidal solenoid
In what follows we consider the rotation of the toroidal solenoid with current distribution constructed in a previous section. The charge density of this solenoid differs from zero (it consists of three charged shells). This means that the electromagnetic field generated by its rotation should not coincide with the field of the rotated magnetized ring with the magnetization (4.1 I ) for which charge density equals zero. Let the solenoid rotate as a whole around the symmetry axis z with angular velocity 11 (figure 3). Then in addition to the poloidal current 
